The aim of this paper is twofold. First, we aim to study generalizations of graded injective modules. Second, we aim to provide a characterization of graded quasi-Frobenius rings in terms of graded mininjective rings.
Introduction
An effective way to understand the behaviour of a ring R is to study the various ways in which R acts on its left and right modules. Thus, the theory of modules can be expected to be an essential chapter in the theory of rings. The study of projective and injective modules constitutes the backbone of the modern homological theory of modules. The noetherian self-injecive rings, commonly known as quasi-Frobenius rings, occupy an especially important place in ring theory. Group algebras and strongly graded rings provided the earliest examples of quasi-Frobenius algebras. Over such rings there is a perfect duality between finitely generated left and right modules. In the past twenty years, the theory of injective modules and quasi-Frobenius rings have enjoyed a period of vigorous development, e.g. [1] , [6] , [10] , [11] .
This note is devoted to the study of graded injective modules and graded quasi-Frobenius rings. In Section 1 we recall some basic notations, definitions and preliminary results of graded injective modules. Section 2 is mainly concerned with investigation of some essential extended graded injectivities of graded modules. Actually, we deduce basic properties of graded P-injective, graded F-injective and graded mininjective modules. We provide the graded version of the well known result of Ikeda and Nakayama for annihilators of graded ideals of graded F-injective rings. We extend Connell's theorem for injective group rings to injective strongly graded rings. We round off by deducing a characterization of the quasi-Frobenius graded rings in terms of graded mininjective rings. The main results of this paper are contained in Theorem 2.3, Theorem 2.5, Theorem 2.7 and Theorem 2.14.
Preliminaries
Throughout this paper G is a multiplicative group with identity e and R = ⊕ σ∈G R σ is a G-graded ring. The elements of ∪ σ∈G R σ are called homogeneous elements of R. All R-modules are left R-modules and by R-mod we denote the category of left R-modules. An R-module M is said to be G-graded if
For any G-graded R-module M and N , an R-linear map f : M → N is said to be a graded morphism of degree τ, τ ∈ G, if f (M σ ) ⊂ N στ for all σ ∈ G. By R-gr we denote the category of G-graded R-modules and the morphism are taken to be the graded morphisms of degree e. If f : M → N is a graded morphism of degree e then we say that f is a gr-homomorphism. A submodule N of a G-graded R-module M is said to be a graded submodule of M if N = ⊕ σ∈G (N ∩ M σ ), or equivalently, if for any x ∈ N the homogeneous components of x are again in N . By N ≤ gr M we denote a graded submodule N of the graded module M . A graded R-module E is called graded injective, or gr-injective, if for every gr-monomorphism g : A → B and every gr-morphism h : A → E there exists a gr-morphism h : B → E such that h g = h. If X ⊆ R then by r R (X), or simply r(X), we denoted the right annihilator of X in R, that is r(X) = {a ∈ R : x.a = 0 for every x ∈ X}, similarly by l(X) we denote the left annihilator of X in R. For details on graded rings and graded modules we refer to [8] and [9] , while for details on extended injectivities of modules we refer to [4] , [5] and [10] .
3. Every gr-monomorphism f : E → M splits in R-gr.
(2) It is well known that if E ∈ R-gr is injective as an R-module then E is gr-injective, (cf. [8] , [9] ). Particular cases where the converse is true are encountered in Corollary 2.5.2 of [9] in case G is finite and in Corollary 3.16 of [7] in case both R and E has finite support .Moreover , it has been proved in [3] that the restriction that R have finite support is unnecessary. However, in the next example we show that it is not true in general that gr-injectivity implies injectivity.
where X is a variable commuting with K and with Z-gradation given by :
In view of the graded version of Baer's theorem , it is easy to check that R R is gr-injective but not injective.
Theorem 1.3 (Graded Version of Baer's Criterion).
A graded R-module E is gr-injective if and only if for every graded left ideal I of R and to every gr-homomorphism g : I → E there exists a gr-homomorphism g : R → E with g = gi where i is the inclusion mapping of I into R.
Proof. The " only if " part is a direct consequence the definition and the fact that the inclusion i : I → R is a gr-monomorphism. For the " if " part , let A ≤ gr B be graded R-modules and g : A → E be a gr-morphism.
L → E is a gr-morphism extends g} then S is partially ordered by the relation "≤" given by :(
Since B is graded we may assume that b is a homogeneous element of B. If J = {r ∈ R : rb ∈ L}, then one can easily check that J is a graded left ideal of R. Define λ : J → E by λ(x) = g(xb) obviously, λ is a gr-morphism. Thus, by hypothesis, we may extend λ to a gr-morphism λ :
This contradicts the maximality of (L, g), hence L = B. It follows that g : B → E extends g and we have done.
Example 1.4 If E = Π i∈I E i is a direct product of graded R-modules then E is gr-injective if and only if each E i is gr-injective.
Proof. We first observe that E = Π i∈I E i is G-graded with respect to a Ggradation given by:
For every i ∈ I, let λ i : E i → E and π i : E → E i be the canonical injection and the canonical pojection, respectively. Obviosly λ i and π i are gr-morphisms. Suppose that E is gr-injective, K ≤ gr M and α : K → E i be a gr-morphism. Since E is gr-injective then, the gr-morphism λ i α : K → E extends to a gr-morphism
Conversely, suppose that each E i is gr-injective and let β : K → E be a gr-morphism, where K ≤ gr M . For each i, the morphism π i β : K → E i is gr-morphism. Thus, by gr-injectivity of E i , π i β extends to
thus σ extends β. This proves that E is gr-injective.
Generalizations of Graded Injective Modules
Definition 2.1 A graded left ideal T of R is called gr-extensive if every grmorphism α : T → R extends to a gr-morphism α : R → R, that is α = .a is right multiplication by a homogeneous element a of R e . We say that R is gr-left self-injective if R R is gr-injective, that is if every graded left ideal of R is gr-extensive.
Lemma 2.2 Let T and T be graded left ideals of R.
If T + T is gr-extensive then r(T ∩ T ) = r(T ) + r(T ).
2. If r(T ∩ T ) = r(T ) + r(T ) and α : T + T → R is a gr-morphism such that the restrictions α| T and α| T are given by right multiplications, then α is also given by right multiplication, that is T + T is gr-extensive.
Proof.
1. We first observe that the right(left) annihilator of a graded right(left) ideal T of R is a graded right(left) ideal of R. Let b be a homogeneous element of r(T ∩ T ) and f : T + T → R be the map given by f (t + t ) = tb, t ∈ T and t ∈ T . If t + t = 0 then t = −t ∈ (T ∩ T ), hence 0 = tb = f (t + t ). Thus f is a well defined gr-morphism. By hypothesis, f = .a for some a ∈ R e . It follows that b = (b − a) + a ∈ r(T ) + r(T ) and the assertion follows.
2. Let α| T = .b and α| T = .c where b, c ∈ R e . For every a ∈ T ∩ T ,
The graded ring R is called left gr-F -injective if every gr-finitely generated graded left ideal of R is gr-extensive , while R is called left gr-principaly injective ( or left gr-P-injective) if every graded principal left ideal of R is gr-extensive. Theorem 2.3 (Graded Version of Ikeda-Nakayama Theorem.)
The graded ring R is gr-left F -injective if and only if it satisfies the following two conditions:
(a) r(T ∩ T ) = r(T ) + r(T ) for all gr-finitely generated gr-left ideals T and T .
(b) rl(a) = aR, for all a ∈ h(R).
Assume that rl(a)
= aR for all a ∈ h(R) and that r(T ∩ T ) = r(T ) + r(T ) for every gr-left ideal T and every gr-finitely generated gr-left ideal T .Then every gr-morphism α : T → R extends to R.
Proof.
1. Suppose that R is gr-left F -injective. Condition (a) follows from Lemma 2.2 . If λ = ax ∈ aR, then for every y ∈ l(a), y.λ = (y.a).x = 0.x = 0. Thus λ ∈ r(l(a)), or equivalently aR ⊂ r(l(a)). On the other hand, let b ∈ r(l(a)), define the map f : Ra → R by f (xa) = xb. If x.a = 0 then x ∈ l(a), hence x.b = 0 = f (xa). Thus f is well defined. Obviously f is a gr-morphism. By hypothesis, we may extend f to a gr-morphism f : R → R. It follows that b = f (a) = a.c for some c ∈ R e . Thus b = a.c ∈ aR, hence r(l(a)) ⊂ aR. Conversely, suppose that conditions (a) and (b) holds and that T = n i=1 Rt i is a gr-finitely generated gr-left ideal of R. Then using mathematical induction on n and Lemma 2.2 one can easily check that α extends to R.
Obvious (The same proof as the "if" part of 1).

Corollary 2.4
If R is left gr-selfinjective , then:
1. r(T ∩ T ) = r(T ) + r(T ) for all graded left ideals T and T of R.
2. rl(T ) = T for all finitely generated graded right ideals T of R.
Follows from Lemma 2.2.
2. Let T = Σ n i=1 a i R be a finitely generated graded right ideal, then
using (1) and Lemma 2.2.
Theorem 2.5
The following conditions are equivalent for a graded ring R 1. R is left gr-P-injective.
2. rl(a) = aR for all a ∈ h(R).
Proof. 1. ⇒ 2. Let x = ar ∈ aR and y ∈ l(a). Then yx = yar = 0 this implies that aR ⊆ rl(a). Let b ∈ rl(a) and y ∈ l(a). Then yb = 0, thus y ∈ l(b), and l(a) ⊆ l(b). Let f : Ra → R be the map given by f (ra) = rb , r ∈ R. If x.a = 0 then x ∈ l(a) ⊆ l(b), hence x.b = 0 = f (x.a). Thus f is well defined gr-morphism. Therefore f = .c for some c ∈ h(R) by (1), whence b = f (a) = ac ∈ aR. This proves that rl(a) = aR. 2. ⇒ 3. If l(a) ⊆ l(b) then b ∈ rl(a), and by (2) we have b ∈ aR. Therefore bR ⊆ aR.
and m ∈ l(ba) then mb ∈ l(a) and mb ∈ Rb. Hence mbx = 0 this imples that m ∈ l(bx) and l(ba) ⊆ l(bx). Thus bxR ⊆ baR by (3) and bx = bar for some r ∈ R, then b(x−ar) = 0, this implies that x ∈ r(b)+aR. Therefore r(b)+aR = r[Rb∩l(a)]. 4 ⇒ 5. Let f : Ra → R be a gr-homomorphism defined by f (a) = d and x ∈ l(a). Then 0 = f (xa) = xf (a) = xd this implies that x ∈ l(d) and d ∈ rl(a). Take b = 1 in (4) then rl(a) = aR and d ∈ aR. Therefore f (a) ∈ aR. 5 ⇒ 1. Let f : Ra → R be a gr-homomorphism. Then f (a) ∈ aR and f (a) = ac for some c ∈ h(R). This proves that R is left gr-P-injective.
Remark 2.6
It is convenient to prove the implication 2 ⇒ 1 in the previous theorem directly , that is R is left gr-P-injective if rl(a) = aR for all a ∈ h(R).Indeed, let f : Ra → R be a gr-homomorphism , a ∈ h(R). If y ∈ l(a) then yf (a) = yaf (1) = 0. Thus f (a) ∈ rl(a) = aR. This implies that f (a) = ac for some c ∈ h(R).
The following theorem generalizes the well known result of Connell's for group rings , [2] .The proof given in [7] is categorical and contains hard computations. Here we indicate an alternative proof.
Theorem 2.7 (Connell's Theorem). If G is finite group ,then the strongly graded ring R is left self-injective if and only if R e is left self-injective.
Proof. Assume that R e is left self-injective , and let γ : Y → R be an R-linear map , where Y is a left ideal of R. Let π : R → R e be the projection map given by g∈G r g = r e . Then πγ : Y → R e is a left R e -linear map. Since Re R e is self-injective then πγ extends to λ :
It follows that
Thus α extends γ. Hence R is left self-injective. Conversely, Suppose that R is left self-injective. since G is finite, Corollary 2.5.2 of [9] entails that R R is gr-injective. Since R is strongly graded then the restriction of scalars functor (−) e : R-gr→ R e -mod is an equivalence of categories (cf. [8] Theorem 1.3.4) . Thus R e is left self-injective , so the claim follows.
Corollary 2.8 If R e is left self-injective and G is locally finite then R is left P -injective.
Proof. Suppose that x, y ∈ h(R) such that deg(x) = σ and deg(y) = τ and l R (y) ⊂ l R (x). Let H be the subgroup of G generated by σ and τ . Since
Since R e is left self-injective and H is finite then, by Connell's theorem , R
is left self-injective. Thus Theorem 2.5 entails that x ∈ yR (H) ⊂ yR.Therefore , by Theorem 2.5 , R is left P -injective.
The graded ring R is called a graded quasi-Frobenius ring (or a gr-QF ring) if it is two sided gr-artinian and two sided gr-self-injective. Lemma 2.9 Let R be a graded ring. R is graded quasi-Frobenius if and only if R is two-sided gr-noetherian, rl(T ) = T for all right gr-ideals T and lr(L) = L for all left gr-ideals L.
Proof. Using Theorem 2.3 and Corollary 2.4 one can easily modify the proof of Theorem 1.50 of [10] in the ungraded case to the situation considered here.
If M is a left graded R-module , recall that the dual M * = Hom R (M, R) of M is a graded right module. For M ∈ R-gr and σ ∈ G we define the σ-suspention (σ-shifted ) M (σ) of M to be the graded R-module obtained from M by putting M (σ) τ = M τ σ for all τ ∈ G. This defines a functor T σ : R-gr → R-gr by putting T σ (M ) = M (σ). So Lemma 2.13 implies that length(R R ) ≤ n = length( R R) , the other inequality is proved similarly and so length(R R ) = length( R R). But then the Jordan-Hölder theorem and Lemma 2.13 show that (*) is actually a composition series, and the inclusions in (*) are strict. Now repeat the process on (*) taken left annihilators to get a composition series
. Continue in this way to get L i = lr(L i ) for each i. Thus L = lr(L) for any left gr-ideal L. Similarly rl(T ) = T for any right gr-ideal T . This proves our claim. 1. ⇒ 2. Obvious.
